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plot3d(abs(GAMMA(x + y*I)) x=-4..4,y=-4..4,view=0..4)
@ SageMath:

‘ var('x’); plot(gamma(x),(x,-4,4),ymin=-4 ymax=4) ‘
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Extension

f:USA—B|w F:A—B(DB) stFly=f|

Let U=7Z, A=R, and f(n) =0, for all n € Z.

{Fl(x) =0

— Flz =f = Flz.
F>(x) = sin(mx) 1l 2lz

@ Uniqueness

@ Choice
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ForneN, nl=n-(n—1)---1. Find I : C — C that extends nl.

Definition

The Pochhammer symbol: (a), :=a(a+1)---(a+n—1).

@n! _(nemt o (mEn)t

R TR R TR R TR VI = (7 Dm

n-(n+1), nl-n™ (n+1)y

| = = . li 1
T T mr 1), (m+1), am i m
n!- n*
x!:= lim
n—o00 (x + ),,
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. n! - n* . nl-m (n+1)*
x'= lim ——— (= lim . .
n— o0 (x + ]_),, n—oo (x + 1),, nx

@ x cannot be negative integers. If x = —m, then (x +1), =0, for n > m.

o Convergence.

nl . n*

e e G T ) ()

o3) () -0 3)

o Shift
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Gamma function

Definition
For x € C\ {0,-1,-2,...},

1 fex—1
M(x):= lim Kk
k—o00 (X)k
e (n)=(n-1)!
° ()fjfl)k = kxf,'(k( » = l(x+1) =xI(x)

e (1) =1, since (1)x = k!

Theorem (Thm. 1.2.2)
Recall v = lim (1+%+4---+ X —logn). Then,
n—oo

oo

IR S x(x+1)...(x+n—1):“.:XEVXH<(1+”> X).

[px—1
M(x) n—oo n!'n* e}

Remark. Weierstrass factorization theorem

W
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—log(x) = Iogx—l—vx—f—i log (1 + %)—% = — r'(x) = ry-q-i <1 1>

pt I(x) = \x +k—-1 k
o (1) =
o0
r(x) _
® T~ - _Z (x+k 1+k>
o & |gi2r(x = Z(le = log I'(x) is convex for x > 0.
k=0

Theorem (Bohr-Mollerup Theorem (§1.9))
If fis a positive function on x > 0 such that

Q f(1)=

Q f(x+1)=xf(x)

© f is logarithmically convex (i.e., logf is convex)
Then, f(x) =T(x) for x > 0.

v
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Bohr-Mollerup theorem

Convex: if f is convex in (a, b), for any x,y,zsuchthata<x <y <z<b

) =) _ (@)= () _ ()= ()

y—x zZ—X z—y

Since f is log-convex, consider intervals [n,n+1], [n4+1,n+ 1+ x], and
[n+1,n+2]:

log f(:(j;)l) = % log W < log ?EZ i 3
By f(1) =1 and f(x + 1) = xf(x), the inequalities yield
0< Iog( )"H +log f(x) < xlog (1+ i)
Now, let n — oo,
Fx) = fim T i M0y

n—00 x)n+1 n—00 (x)n .x—|—n7
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Integral Representation

Definition
For Re(x) > 0 and Re(y) > 0, the beta integral /function is defined by

1
B(x,y) := / N1 — ) tde.
0

() (y)
By = T

Corollary
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F(x) = [y° e tdt, B(x,y) = rr(gjyy; = [y 1 —t)tde

o M(x) = [y v tetdt + [° e tdt = Z (n+x)n, + [ p e tde
Res(l',—n) = (-1)"/n!, n=0,1,2,...

° rr(();)i(}f’)) = 2 [Fsin> 1hcos 1o =T (L) = /n

Theorem (Euler’s Reflection Formula)

I(x)F (1 — x) = /sin(mwx)

(1l —x) = B(x,1 - x) i o Sl+s ds + Contour Integral. O

Remark (Gauss’'s Multiplication Formual for I'(ma))

1

For m € N, [(ma)(2m)®=> = mma=3r(a)l (a+ L) ---T (a+ m=1),

4
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The following formulas can be derived from Euler’s reflection

formula and the infinite product expression of 1/I(x).

o)1 (1)

oo

1 1 1 _ 1
wcot<m>=x+z(x+,,+ )ZJ'J‘;Z

X—n x —k

sm(

n

1
mtan(mx) = lim Z
HA)OOk:

1
—n k + 5 = X
n
. (—1)k
7TS€C(7TX) = nll)moo E m

o0

sin? z_: x—|—n
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Bernoulli numbers

o0
7 cot(mx) :%Jrzxz = = xcotx = 1+22X2 = 1*222,,2:(#2:(
n=1 n=1k=1

Definition

The Bernoulli numbers B, are defined by the exponential generating function

¢ oo £ t o t2k
1= 2B 3t 2 2K
n=0 k=1
> k 2k
ix . 2 2
xcotx = /xj,,+‘; F=ix+ s =1-— Z(—l)kﬂ&k%zf)!
k=1

St 1 -1 k+122k71
C(Zk) = Z W = ()WBQkﬂzk.
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Zeta functions

Definition
The Hurwitz zeta function is defined, for x > 0, by

o0

1
¢(x,s) = ZO O

And the Riemann zeta function is defined, for Re(s) > 1, by

() =¢Ls) =) =

Recall that
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Formulas

Definition

Y(x):=T"/T =d(logl(x)) /dx. ([(x + 1) = xI"(x) = ¥(x+ 1) = (x) + 1/x)
Theorem (Thm. 1.2.7, 1.3.4,1.6.1, 1.6.2, 1.6.3)
o Y(x+n) =145+ + g +9(x), n=1,23,...
° 1/1(3) =—y—ZcotZ2 —Iogq+2§lcosmlog (2sinﬂ) 0<p<gqg;
q 2 q = q q )’ ’
51 if q/2 € N, the last term is divided by 2.

+ (52), ()
o w(x) = fy7  (e7 — i) dz = [ (5 - %) a2
o logl(x) = J5~ ((x — 1)t — (7 7 at
I (=1t — =) &
= (x—3)logx — x + 1log2m + [;° (
= (x -

) e "dt

t
oo tan 1(
e2mt _1

$)logx —x + Llog2m +2 [ )dt
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Riemann Zeta function ((s) = Z%, Re(s) > 0
n=1

e ((s)= ,-(s) [ X dx <= T(s)n~s = [ x*"Le~™dx (y = nx)
e ((s) is not the series above, but the analytic continuation of the series. The
only simple pole of ((s) isat s =1.

C(s)—s_sl—s/lOO {H}ldx:>Res(C, 1) =

of(s) = %s(s — )72 (s/2)¢(s) = &(s)=¢&(1—s) (Thm. 1.3.1)
= ((-2n)=0,...n=1,2,...(Corol. 1.3.2)
¢'(0) = —% log(27) ... (Corol. 1.3.3)

_(_1)an+1 _
¢(—n) = nrl n=0,1,...
PP,
127
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imaginary axis

critical strip 0<Re(S)<1

A i A
critical line
< = + - + > real axis
-4 -3 -2 -1 0 Yo |4
trivial zeros (-2, -4, -6, ...)
Y Y

© 2012 Encyclopeedia Britannica, Inc.
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o Stirling (Thm. 1.4.1)
M(x) ~ V2rx*T3e X as  x — 00
n!' ~+/27mn(n/e)"
o (Thm. 1.4.2) For x € C\({0} UR_),

loglx) = log(zﬂM( )'ogx X+Z 15211)21 A 2]r-n (BZ(SZ}")’

O(x—2m+1)

o (Corol. 1.4.5) For |argx| <7 —6, § >0,

1 "By 1 1
I = . 40—
w( ) og x 2x = 2j x2 + <X2m)

@ Euler-Maclaurin summation formula (Appendix D)

m—1

= /a" F(x)dx + w =+ ; (gﬁl (f(zj—1)(n) _ f(2j—1)(a)>

+/ Bom — BQm({X})f(2m (X) x

2m)!
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For every nonnegative integer n, there is NO non-zero polynomial
., Yu] such that for any z € C\{0,-1,-2,...},

F(z)) = 0.

P e C[X; Yo, ..
P(z;T(2),["(z),...

Let f(z) =sinz, f’(z) = cos(z), and P(X; Yo, Y1) = Y& + Y2 — 1. Then,

P(z;f,f')=0.

IDEA of the proof: Assume P is such a polynomial with the lowest degree.

P(z+1; T(z+1), M (z4+1),... T (241)) = P(z+1; 21 (2), 2" (2)+T(2), . . ., 2T ") (2)+al ("~ 1) (2))

Q:=P(X+1,XYy,....XYo+nYs_1) = Q@ =R(X)P
z =m € N leads to a contradiction.
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Generalization

@ g-gamma function (§10.3):

o n-1 (g 9)n
(3;9)n = kl;[O(l —aq") = [n]g! = (1—q)

(q:9)n . l-gq
— 7 _n
quinl (1—q)" Jﬂqlkli[o l1-gqg "

(9 @)oo
M4(z) =

e (e
Q@ p-adic gamma function: [0[, = 0 and if x # 0,
x|, = 1/p%"%.

For a € Z, ordpa :=highest power of p that divides a. For x = a/b € Q,
ord,x := ordpa — ord,b.

f(n):==(-1)" J[ k=Tox):=—f(x-1).
k=1,k+#p
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Poly-

Definition

Recall that ¢ = d(log [(x))/dx. Then, ¥)(™ is called the the polygamma function
of order m.

Definition

The polylogarithm function is defined by a power series in z, which is also a
Dirichlet series in s:

>k 72 3

Lls(z):ZT_Z'F?‘F?"‘
k=1
Recall that o 4
—log(l—2z) = Z 27 = Liy(2)
k=1

LI(Z)—iZk— 1 =

0 7k:1 T il=z T il=z

v
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Kummer's Fourier Expansion of log I'(x)

Theorem (Thm. 1.7.1)

For0<x<1
M(x)  —log(2sin(mx)) + (v + log(27)) (1 —2x) 1 <= logk
Iogm = > +;; B sin(2mkx).
Eq. (1.7.4)

m=1 m=

2M(1—x) | . 7s cos(2m7rx sin(2mmnx)
C(X’S): (271’)1_5 {Sm? ml—s Z ml—s




Integrals of Dirichlet

Theorem (Thm. 1.8.1)
If
V.= {(xl,...,xn):x,-zo,Zx,-Sl,izl,...,n},
i=1
then for Rea; > 0,i=1,...,n,

B B B Mag)---T(an)
a1—1_ax—1 ap—1

1 2 . e n d ...d = .
/V Xl X2 Xn X1 Xn r (1 1 . ")

2% o
2 0 g = =2 [ (2
o/m f (x4 +x5)dx - dx F(m/2) /0 r (r°)dr

It can be verified by the method of brackets.
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§1.10 Gauss and Jacobi sums

For a prime p, consider the finite field Z,.
@ There are p different homomorphisms: j =10,...,p — 1,

V; :Zp — C"(multiplicative group of nonzero complex numbers)
X = exp (27r\/—1jx/p)

which are called the additive characters. (¥;(x)%;(y) = ¥j(x +y))
@ The multiplicative characters are the p — 1 characters defined similarly as

Zh = Z,\{0} 2 Zp—y — C".

For an additive character ¥; and multiplicative character x;j, the Gauss sums gj(xi), for
j=0,...,p—1 are defined by

aGa)= 3 x0T (@)= Dy = ).

For two multiplicative characters x and 7, the Jacobi sum is defined by

J0o6m) = D xCIn(y)-
x+y=1
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1.10 Gauss and Jacobi sums (Cont'd)

Theorem (Eq. (1.10.12))
If xn # e, then

g(s(n)
J(x,n) = ===
bom) ==, (xn)
e is the trivial/identity character.
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