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The hypergeometric series

De�nition (The hypergeometric series)

pFq

(
a1, . . . , ap
b1, . . . , bq

; x

)
=
∞∑
n=0

(a1)n · · · (ap)n
(b1)n · · · (bq)n

· x
n

n!
,

where (a)n = a(a + 1) · · · (a + n − 1). pFq(a1, . . . , ap; b1, . . . , bq; x)

Examples (P. 64)

log(1 + x) = x 2F1
(
1,1
2

;−x
)

(1− x)−a = 1F0

(
a
− ; x

)
ex = 0F0

(
−
− ; x

)
•
∞∑
n=0

Bn
tn

n! = t
et−1 = 1

1F1( 1
2 ;t)

ex =
∞∑
n=0

xn

n!
= 0F0

(
−
−

; x

)

=
∞∑
n=0

(a)n
(a)n

· x
n

n!
= 1F1

(a
a

; x
)
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Convergence

Theorem (Thm. 2.1.1, 2.1.2)
1

pFq

(
a1, . . . , ap

b1, . . . , bq
; x

)
converges absolutely for all x , if p ≤ q;

converges absolutely for all |x | < 1, if p = q + 1;

diverges for all x 6= 0, if
p > q + 1 and the series

does not terminate

2 For |x | = 1

q+1Fq

(
a1, . . . , aq+1

b1, . . . , bq
; x

)
converges absolutely, if Re(

∑
bi −

∑
ai ) > 0;

converges conditionally, if x 6= 1 and Re(
∑

bi −
∑

ai ) ∈ (−1, 0];

diverges, if Re(
∑

bi −
∑

ai ) ≤ −1.

Example
The Wilson polynomials are

Wn(x ; a, b, c, d) =
(a + b)n(a + c)n(a + d)n

an
4F3

(−n, n + a + b + c + d − 1, a + i
√
x, a− i

√
x

a + b, a + c, a + d
; 1

)
Sometimes, we can write

n∑
k=0

x
k =

1− xn−1

1− x
= 1F1

(−n
−n

; x

)
Hypergeometric Functions January 27th 3 / 20



2F1 (Gauss)
De�nition
The (Gauss) hypergeometric function 2F1 is de�ned by

2F1

(
a, b

c
; x

)
=
∞∑
n=0

(a)n(b)n

(c)n
·
xn

n!
=

(
2F1

(
b, a

c
; x

))
for |x | < 1, and by analytic continuation elsewhere.

Theorem (Thm. 2.2.1, 2.2.2, 2.2.4, 2.2.5)
1 Re(c) > Re(b) > 0: 2F1

(
a,b
c

; x

)
=

Γ(c)
Γ(b)Γ(c−b)

∫ 1
0 tb−1(1 − t)c−b−1(1 − xt)−a

dt.

2 Re(c − a − b) > 0:
∞∑
n=0

(a)n (b)n
(c)nn!

= 2F1

(
a,b
c

; 1

)
=

Γ(c)Γ(c−a−b)
Γ(c−a)Γ(c−b)

.

3 Re(c) > Re(d ) > 0, x 6= 1, |arg(1 − x)| < π: 2F1

(
a,b
c

; x

)
=

Γ(c)
Γ(d )Γ(c−d )

∫ t
0 td−1(1 − t)c−d−1

2F1

(
a,b
d

; xt

)
dt.

4
2F1

(
a, b

c
; x

)
= (1 − x)−a

2F1

(
a, c − b

c
;

x

x − 1

)
= (1 − x)c−a−b

2F1

(
c−a,c−b

c
|x
)

Proof.

2F1

(
a, b

c
; x

)
t=1−s

=
Γ(c)

Γ(b)Γ(c − b)

∫ 1

0
(1− s)b−1sc−b−1(1− s + xs)−a

ds

=
(1− x)−aΓ(c)

Γ(b)Γ(c − b)

∫ 1

0
(1− s)b−1sc−b−1

(
1−

xs

x − 1

)−a

ds
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ODE �2.3

2F1(a, b; c; x) satis�es

x(1− x)
d
2y

dx2
+ [c − (a + b + 1)x ]

dy

dx
− aby = 0,

which as three singularities 0, 1, and ∞. Let t = 1/x to get

t2(t − 1)
d
2y

dt2
+ ((2− c)t + (a + b − 1)) t

dy

dt
− aby = 0.

Theorem (Thm. 2.3.1)

A di�erential equation with three singular points α, β, γ and exponents a1, a2; b1,
b2; and c1, c2 respectively, such that a1 + a2 + b1 + b2 + c1 + c2 = 1, has the form

d
2y

dx2
+

(
1 − a1 − a2

x − α
+

1 − b1 − b2

x − β
+

1 − c1 − c2

x − γ

)
dy

dx

+
y

(x − α)(x − β)(x − γ)

(
(α − β)(α − γ)a1a2

x − α
+

(β − α)(β − γ)b1b2

x − β
+

(γ − α)(γ − β)c1c2

x − γ

)
= 0

(α, β, γ) = (0, 1,∞) (a1, a2; b1, b2; c1, c2) = (0, 1− c; 0, c − a− b; a, b) .
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Terminology

De�nition

For a second order ODE f ′′(x) + p(x)f ′(x) + q(x)f (x) = 0, point α is

an ordinary point if both p and q are analytic at x = α;

a regular singular point if p has a pole of order ≤ 1 and q has a pole of order
≤ 2 at x = α;

an irregular singular point otherwise.

Suppose α is a regular singular point. Locally near x = α, the ODE has two
linearly independent solutions, of the form f (x) = (x − α)sg(x) for some locally
holomorphic function g with g(α) 6= 0. s is called the exponent.

Recall the linear fractional transformation: for p, q, r , s ∈ C such that

ps − qr 6= 0, i.e.,

(
p q

r s

)
∈ SL2(C), de�ne

f : C̄ → C̄
z 7→ pz + q

rz + s
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f (z) = z
z−1 , i.e., (p, q, r , s) = (1, 0, 1,−1) (0, 1,∞)

f−→ (0,∞, 1)

xλ(1−x)µP

 0 1 ∞
a1 b1 c1
a2 b2 c2

x

 = P

 0 1 ∞
a1 + λ b1 + µ c1 − λ− µ
a2 + λ b2 + µ c2 − λ− µ

x

 (2.3.7)

P

 0 1 ∞
0 0 a

1− c c − a− b b
x



f−→ P

 0 ∞ 1
0 0 a

1− c c − a− b b

x

x − 1


= P

 0 1 ∞
0 a 0

1− c b c − a− b

x

x − 1


=

(
1−

x

x − 1

)a

P

 0 1 ∞
0 0 a

1− c b − a c − b

x

x − 1


= (1− x)−a P

 0 1 ∞
0 0 a

1− c b − a c − b

x

x − 1


2F1

(
a, b

c
; x

)
= (1− x)−a2F1

(
a, c − b

c
; x

)
Exercise: Try one of the transformations in (2.3.9).
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Quadratic �3.9

P


0 1 ∞
0 c a
1

2
d b

x

 x=t2

==== P

−1 1 ∞
c c 2a
d d 2b

t

 ⇐= Manipulating the ODE

Theorem (Thm. 3.9.1)

P


0 1 ∞
0 c a
1

2
d b

t2

 = P

−1 1 ∞
c c 2a
d d 2b

t

 = P

0 1 ∞
c c 2a
d d 2b

t+1

2


Example

P


1 0 ∞
0 c a
1

2
d b

1− t2

 = P

0 ∞ 1
c c 2a
d d 2b

t+1

t−1


(a, b, c, d) =

(
a
2
, 1−2b+a

2
, 0, b − a

)
and (t + 1)/(t − 1) = x

P

 0 ∞ 1
0 0 a

b − a b − a 1− 2b + a
x

 = P


1 0 ∞
0 0 a

2
1

2
b − a 1−2b+a

2

− 4x
(1−x)2

 (Thm. 3.1.1)
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Contiguous relations

d

dx

(
2F1

(
a, b
c

; x

))
= d

dx

(∞∑
n=0

(a)n (b)n
(c)n

· xnn!

)
=
∞∑
n=0

(a)n+1(b)n+1
(c)n+1

· xnn! = ab
c 2F1

(
a + 1, b + 1

c + 1
; x

)

ODE⇒ 2F1

(
a, b
c

; x

)
= (1−x)2F1

(
a + 1, b

c
; x

)
+

(c − b)x

c
2F1

(
a + 1, b
c + 1

; x

)

F :=2 F1

(
a, b
c

; x

)
=⇒


x dF
dx

= a(F (a+)− F ) = b(F (b+)− F ) = (c − 1)(F (c−)− F )

x(1− x)dF
dx

= (c − a)F (a−) + (a− c + bx)F

= (c − b)F (b−) + (b − c + ax)F

c(1− x)dF
dx

= (c − a)(c − b)F (c+) + c(a + b − c)F

Example (2.5.11)

2F1

(
a, b
c

; x

)
=2 F1

(
a, b + 1
c + 1

; x

)
− a(c−b)

c(c+1) x2F1

(
a + 1, b + 1

c + 2
; x

)
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Continued fractions �2.5

2F1

(
a, b
c

; x

)
= 2F1

(
a, b + 1
c + 1

; x

)
−

a(c − b)

c(c + 1)
x2F1

(
a + 1, b + 1

c + 2
; x

)
2F1

(
a, b
c

; x

)
= (1− x)2F1

(
a + 1, b

c
; x

)
+

(c − b)x

c
2F1

(
a + 1, b
c + 1

; x

)

2F1

(
a, b
c

; x

)
2F1

(
a, b + 1
c + 1

; x

) = 1−
a(c − b)

c(c + 1)
x ·

1

2F1

(
a, b + 1
c + 1

;x

)

2F1

(
a + 1, b + 1

c + 2
;x

)

= 1−
a(c−b)
c(c+1)

x

c−b
c+1

x + 1−x

2F1

 a + 1, b
c + 1

;x


2F1

 a + 1, b + 1
c + 1

;x


= · · ·
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Continued fractions �2.5
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2F1
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Generalized pFq

p+1Fq+1

(
a1, . . . , ap, c
b1, . . . , bq , d

; x

)
=

Γ(d)

Γ(c)Γ(d − c)

∫ 1

0
t
c−1(1− t)d−c−1

pFq

(
a1, . . . , ap
b1, . . . , bq

; tx

)
dt

De�nition

A series q+1Fq

(
a1, . . . , aq, aq+1

b1, . . . , bq
; x

)
is called balanced if x = 1, one of the

numerator parameters is a negative integer, and
a1 + · · ·+ aq + aq+1 + 1 = b1 + · · ·+ bq.

Examples

3F2

(
−n,−a,−b

c, 1− a− b − n − c
; 1

)
=

(c + a)n(c + b)n
(c)n(c + a + b)n

and more as (2.2.9). See also �3.3
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Evaluations

3F2

(
a,−b,−c

a + b + 1, a + c + 1
; 1

)
=

Γ
(
a
2

+ 1
)

Γ(a + b + 1)Γ(a + c + 1)Γ
(
a
2

+ b + c + 1
)

Γ(a + 1)Γ
(
a
2

+ b + 1
)

Γ
(
a
2

+ c + 1
)

Γ(a + b + c + 1)

5F4

(
a, a

2 + 1,−b,−c,−d
a
2 , a + b + 1, a + c + 1, a + d + 1

; 1

)
=

Γ(a + b + 1)Γ(a + c + 1)Γ(a + d + 1)Γ(a + b + c + d + 1)

Γ(a + 1)Γ(a + b + c + 1)Γ(a + b + d + 1)Γ(a + c + d + 1)

2F1

(
a, b

a− b + 1
;−1

)
=

Γ(a− b + 1)Γ((a/2) + 1)

Γ(a + 1)Γ((a/2)− b + 1)

3F2

(
a, b, c
d, e

; 1

)
condition

==
π2Γ(d)Γ(e)[cosπd cosπe + cosπa cosπb cosπc]

Γ(d − a)Γ(d − b)Γ(d − c)Γ(e − a)Γ(e − b)Γ(e − c)
(P. 116)

2F1

(
a, b

a+b+1
2

;
1

2

)
=

Γ
(
1
2

)
Γ
(

a+b+1
2

)
Γ
(
a+1
2

)
Γ
(

b+1
2

) 2F1

(
a, 1− a

c
;
1

2

)
=

Γ
(
c
2

)
Γ
(
c+1
2

)
Γ
(
c+a
2

)
Γ
(

c−a+1
2

)
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Transformations & Contiguous Relations

1

7F6

(
a, a

2
+ 1, b, c, d , e, f

a
2
, a− b + 1, a− c + 1, a− d + 1, a− e + 1, a− f + 1

; 1

)
=

Γ(a− d + 1)Γ(a− e + 1)Γ(a− f + 1)Γ(a− d − e − f + 1)

Γ(a + 1)Γ(a− e − f + 1)Γ(a− d − e + 1)Γ(a− d − f + 1)

× 4F3

(
a− b − c + 1, d , e, f

a− b + 1, a− c + 1, d + e + f − a

)

2 Let F := 3F2

(
a, b, d
c, e

; x

)
and F+ = 3F2

(
a + 1, b + 1, d + 1

c + 1, e + 1
; x

)

F (a−, e−)− F =
(a− e)bcd

(e − 1)efg
F+(a−)

F (a+, e+)− F =
(e − a)bcd

e(e + 1)fg
F+(e+)

F (e+, f−)− F =
(e − f + 1)abcd

e(e + 1)fg
F+(e+)
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Related special functions

1 The Jacobi polynomial of degree n is de�ned by

P(α,β)
n (x) :=

(α + 1)n
n!

2F1

(
−n, n + α + β + 1

α + 1
;
1− x

2

)
Contiguous relations of 2F1 (2.5.15) yields the three-term recurrence of

P
(α,β)
n (x).

2 Wilson polynomial

Wn(x ; a, b, c, d) =
(a + b)n(a + c)n(a + d)n

an
4F3

(−n, n + a + b + c + d − 1, a + i
√
x, a− i

√
x

a + b, a + c, a + d
; 1

)

or alternatively
pn(x2) = a

n
Wn(x2; a, b, c, d).
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Dilogarithms �2.6 Li2(x) :=
∞∑
n=1

xn

n2

Li2(x) = −
∫ x

0

log(1− t)

t
dt =

∫ x

0

2F1

(
1, 1
2

; t

)
dt = x3F2

(
1, 1, 1
2, 2

; x

)
Li2(x) + Li2

(
x

x−1

)
= − log2(1−x)

2
Li2(x) + Li2 (−x) = Li2(x2)

2

Li2(x) + Li2 (1− x) = π2

6
− log x log(1− x)

n−1∑
k=0

Li2(ωkx) = 1

n
Li2(xn), if ωn = 1.

Li2(0) = 0, Li2(1) = π2

6
, Li2(−1) = −π

2

12
, Li2

(
1

2

)
= π2

12
− log2 2

2

Li2

(
3−
√
5

2

)
= π2

15
− 1

4

[
log
(
3−
√
5

2

)]2
, Li2

(√
5−1
2

)
= π2

10
−
[
log
(√

5−1
2

)]2
Li2

(
1−
√
5

2

)
= −π

2

15
+ 1

2

[
log
(√

5−1
2

)]2
, Li2

(
− 1+

√
5

2

)
= −π2

10
+ 1

2

[
log
(√

5+1

2

)]2
d

dx
Lis(x) =

Lis−1(x)

x
⇒ Lis(x) = x s+1Fs

(
1, 1, . . . , 1
2 . . . , 2

; t

)
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AGM �3.2 (Arithmetic-Geometric Mean)

De�nition

De�ne two sequence (an)∞n=0
and (bn)∞n=0

as follows. Let a0 = a and b0 = b, such
that a ≥ b > 0. Recursively, de�ne

an+1 =
an + bn

2
and bn+1 =

√
anbn

Then,
lim
n→∞

an = lim
n→∞

bn =: M(a, b)

is called the arithmetic-geometric mean of a and b.

De�nition

The complete elliptic integral of the �rst kind is de�ned by, for 0 < k < 1

K := K (k) =

∫ 1

0

dt√
(1− t2)(1− k2t2)

=

∫ π
2

0

dθ√
1− k2 sin2 θ

The second kind: E (k) :=
∫ π

2
0

√
1− k2 sin2 θdθ.

K ′ := K (k ′), E ′ = E (k ′) k ′ =
√

1− k2
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Elliptic Integrals

K =

∫ π
2

0

dθ√
1− k2 sin2 θ

=
π

2
2F1

(
1

2
, 1
2

1
; k2
)

1

M(a, b)
=

2

π

∫ π
2

0

dθ√
a2 cos2 θ + b2 sin2 θ

1

M(1, k)
=

2

π

∫ π
2

0

dθ√
cos2 θ + k2 sin2 θ

= K ′

EK ′ + E ′K − KK ′ =
π

2

π =
M2(
√
2, 1)

1−
∑∞

n=0
2nc2n

, c2n = a2n − b2n, with a0 = 1, b0 =
1√
2
.

De�nition

A Ramanujan's modular equation

n
K ′

K
=

L′

L

where L = K (`) and L′ = K (`′), for `′ =
√
1− `2.
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W-Z Method

https://www.math.upenn.edu/~wilf/AeqB.html https://risc.jku.at/sw/fastzeil/
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Hypergeometric series

De�nition
1 A geometric series

∑∞
k=0

tk is one in which the ratio of every two consecutive
terms is constant. tk = cxk for some constants x and c = t0.

2 A hypergeometric series is one in which t0 = 1 and the ration of two
consecutive terms is a rational function of the summation index k.

Problem

Find f (n) :=
∑B

k=A F (n, k), where F (n, k) is is a hypergeometric term in both
arguments. Namely, both F (n + 1, k)/F (n, k) and F (n, k + 1)/F (n, k) are
rational functions in n and k.

The idea is to �nd another function G (n, k) such that

F (n + 1, k)− F (n, k) = G (n, k + 1)− G (n, k).

This shows that f (n) = G (n,B + 1)− G (n,A).

Hypergeometric Functions January 27th 19 / 20



Example (3.11.7)

4F3

(
a
2
, a+1

2
, b + n,−n

b
2
, b+1

2
, a + 1

; 1

)
=

(b − a)n
(b)n

n∑
k=0

(
a
2

)
k

(
a+1

2

)
k

(b + n)k (−n)k(
b
2

)
k

(
b+1

2

)
k

(a + 1)k k!
=

(b − a)n
(b)n

F (n, k) =

(
a
2

)
k

(
a+1

2

)
k

(b + n)k (−n)k(b)n(
b
2

)
k

(
b+1

2

)
k

(a + 1)k k!(b − a)n
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