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The hypergeometric series

Definition (The hypergeometric series)

ay,...,ap B > (al),,-~(ap),1.x_"
"Fq<b1,...,bq"‘>_Z(bl)n-.-(bq)n nl’

Examples (P. 64)

log(1 + x) = x2F1 (3} —x) (1-x)"7= 1F0(2;X)
— = t" t 1
e* = oFp (_;X) ‘,’Z::OBHH T 17 LR(I)
oo Xn _
e :Z:OFZOF()(_ X)
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The hypergeometric series

Definition (The hypergeometric series)

ay,...,ap B > (al),,-~(ap),1.x_"
qu(bl,...,bq’X>_Z(bl)n-~-(bq),, nl’

where (a), =a(a+1)---(a+n—1). \ qu(al,...,ap;bl,...,bq;x)‘

Examples (P. 64)

log(1 + x) = x2F1 (3} —x) (1-x)"?=1Fo (i;X)
SS) n
e = oFo (_;X) ',’Z::OBnt_l =y = 1F1(12 t)
=T A= O A S
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Convergence

Theorem (Thm. 2.1.1, 2.1.2)

o
converges absolutely for all x, ifp <g;
a ap converges absolutely for all |x| <1, ifp=qg+1;
ooy ap
Pq(bl,,..,bq'x) . | p> q+1 and the series
diverges for all x # 0, if i
does not terminate
@ For|x|=1
R R converges absolutely, if Re(3- b — > a;) > 0;
q+1Fq ( ;7 Y Z“ ;x) converges conditionally, if x # 1 and Re(3 b; — 3 a;) € (—1,0];
Boeoen diverges, if Re(3bi — > a;) < —1.

The Wilson polynomials are

Wa(x: 2, b, ¢, d) — (@+ b)n(a+ c)n(a+ d)n oFs 7n,n+a+b+c+d71,a+i\/§,afi\/>7;1
an a+b,atc,at+d

T 1-—x

n n—1
i i 1—x —n
Sometimes, we can write Zxk _ =R ( ;x)
k=0 -
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2F1 (Gauss)

Definition

The (Gauss) hypergeometric function 2 Fy is defined by
ab o~ (3)n(b)n x" b,a
2F1( ;X):Zi'*: 2F P X
c = (O nl c
for |x| < 1, and by analytic continuation elsewhere.

Theorem (Thm. 2.2.1, 2.2.2, 2.2 4, 2.2.5)

Py fo b 1 - e)‘*"*l(l — xt)~2de.

e Re(c —a — b) > 0: n%;i(‘;l')',(f;)," =2F; (aéb 3 1)

° Re(c) > Re(b) > o: ZFI(::I,?X>:W

[(c)l(c—a—b)
T(c—a)(c—b)"

© Re(c) > Re(d) > 0, x #1, |arg(1 — x)| < 7: 2Fy (.éb;x) = %j' ed—1a _ge—d-1,p ("’f’;xr) dt.

d)r(c
a, b a,c—b x
Q 2F1 ( :X) =1 -x)"%F ( ; ) —@-xc2byF (C_a,’:c_b\x)
c c x—1
Proof.
7b =L=C r 1 —1 _c—b— —a
2F1 (ac ;x) - ﬁ (1—5)" 1ge—b 11— s+ xs)"?ds

_ (1 ;));(C"_Fic) /(1 s)b-1geb- 1<1_Xx_51>7ads
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ODE §2.3

2F1(a, b; c; x) satisfies

d2y
x(l—x)d 5 —|—[c—(a—|—b+1)x]——aby—0
which as three singularities 0, 1, and co. Let t = 1/x to get
d?y dy
—1)—Z +((2— —1))t—= — aby = 0.
t2(t )dt2 +((2-c)t+(a+b ))tdt aby =0

Theorem (Thm. 2.3.1)

A differential equation with three singular points «, (3, v and exponents ay, a; by,
b,; and c1, ¢, respectively, such that a; + a, + by + by + ¢ + ¢ = 1, has the form

d2y+<17a17a2+1—b1—52+1—c17c2>d7y

dx2 x — a x— B x — 5 dx

y ((ﬂ — B)e — y)agaz (B — «)(B — V)b1by (v — a)(v — 5)=1‘=2)
+ + + -0
(x — a)(x = B)(x — )

X — « x— B x — 7

(Oé,ﬁ,’)/) - (Oa 1700) (31, az; blv bo; C1, C2) = (07 1-¢0,c—a— b; a, b) .
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Terminology

Definition
For a second order ODE f”(x) + p(x)f'(x) + q(x)f(x) = 0, point « is
@ an ordinary point if both p and g are analytic at x = ¢;

@ a regular singular point if p has a pole of order < 1 and g has a pole of order
<2atx=q;
@ an irregular singular point otherwise.
Suppose « is a regular singular point. Locally near x = «, the ODE has two
linearly independent solutions, of the form f(x) = (x — a)°g(x) for some locally
holomorphic function g with g(«) # 0. s is called the exponent.

Recall the linear fractional transformation: for p, q,r,s € C such that

ps —qr #0, i.e., <I: q) € SL,(C), define

S
f-¢C - C
zZ pz+q
rz+s
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=5 ie, (p,q,r,s) =(1,0,1,-1)

0 1 o 0 1 00
X>\(1—X)/LP aa b a xp=Pai+X b+ n CL— A — nooXx (237)
as b2 Co 32+>\ b2+,u C27>\7u
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=5 ie, (p,q,r,s) =(1,0,1,-1)

0 1 o 0 1 00
X>\(1—X)/LP aa b a xp=Pai+X b+ n CL— A — nooXx (237)
dag b2 Co 32+>\ b2+,u C27>\7/,L

0 1 o) ; 0 o) 1 x
P 0 0 a X — P 0 0 a
l1—-¢c c—a—b b l1—-¢c c—a—b b x—1
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(0,1,00) — (0, 00,1)

0 1 o 0 1 00
X>\(1—X)’LP aa b a xp=Pai+X b+ n CL— A — nooXx (237)
dag b2 Co 32+>\ b2+,u C27>\7/,L
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2F1 (a’b;X) =(1-x)""2F (a,c—b;x)
c c

Exercise: Try one of the transformations in (2.3.9).
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Quadratic §3.9

0 1 oo (-1 1
P{O ¢ a xp=E=p c 2a ty <= Manipulating the ODE
3 d b d 2

0 o) 1 1 0 o)
P 0 0 a xpy=PL0 0 g — g5 ¢ (Thm. 3.1.1)
b _ 1y 1—3b+a @@=
2

V.
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Contiguous relations

a,b X (a)n(b n 2 (@nt1(B)n " _ ab at+1l,b+1
(o (70 ) = (Sltn ) = S = an (TR

b 1,b c—b)x 1,b
ODE:>2F1< ac ;X> _(1X)2F1< a+C ;X)+( c ) 2F1( ac—:-]. ;X>

x— = a(F(a+) F)=b(F(b+)—F)=(c—1)(F(c—)—F)
= a,b x(lfx)dF =(c—a)F(a—)+ (a—c+ bx)F
Fmaha( 70 i) = — (c = B)F(b=) + (b— c + ax)F
c(l—x)‘é—f =(c—a)(c—b)F(c+)+c(a+b—c)F

—_—~ —~

a,b '\ a,b+1 a(c—b) a+1,b+1
2F1< c ’X> _2F1( c+1 ’X)_C(C+1)X2F1 c+t2 %
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Continued fractions §2.5

2,__1( a,cb ;x) _ 2,__1( a,b+1 ;X)_a(cfb)le__l( a+1,b+1 ;x)

c+1 clc+1) c+2
b 1,b ¢ — b)x 1,b
2F1<ac ;X):(1*X)2F1(a+c ;X)+%2F1<ac++l ;x)
a,b
ZFI( ¢ 'X) i a(c — b) 1
= _ x-
E a,b+1 c(c+1) @b+
2Pl Ly i S U
E a+1,b+1
2h c+2 >
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Continued fractions §2.5

ab  \ _ ab+1 a(c — b) a+1,b+1
2F1< - ,x)—2F1< ,X)—m&ﬁ ct2 X

—b
2F1< a,cb ;X) :(1*X)2F1( a+cl,b ;X)+¥2F1< a+l,b ;x)

c+1
a,b
ZFI( ¢ 'X) 1_a(c—b) 1

x-
b+1 1 ,b+1
2F1( a, b+ ;X) c(c+1) 2F1( ac ++1 ;X>

2’__1( a+1,b+1 ;x>

c+2

a(c—b)
c(c+1) X

c—b 1—x
c+1X+ F a—f—l,b_x
2 c+1
( a+1,b+1 )
2F1 ix

c+1
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Generalized ,Fq

: ai,...,aq,a , :
A series 411Fq ( bl’ ’bq’ s ;x) is called balanced if x = 1, one of the
1,.--5Dq

numerator parameters is a negative integer, and
ai+--+agtagii+1=b+- - +b,.

F < —n,—a,—b ; 1> _ (c+a)a(c+b)n

c,l1—a—b—n-c (c)a(c+a+b),

and more as (2.2.9). See also §3.3
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Evaluations

)7 rZ+1)r(a+b+1a+c+1)r (2+b+c+1)
@+ )r(2+b+1)T(2+c+1)F(a+b+c+1)

E a,—b,—c
372\ a4+ b+1,a+c+1" 2
F( a,2+4+1,-b —c,—d 1)7I'(a+b+1)r(a+c+1)l'(a+d+1)F(a+b+c+d+1)
574\ gat+bFlatc+la+d+1 ) T Tar)atbtctOratbtdt)(atctdtl)
F < a, b ._>_F(afb+1)r((a/2)+1)
Pt a-b+1 T T(a+1)r((a/2) — b+1)
a, b, c condition 2T (d)[(€)[cos 7d cos we + cos wacos wh cos wc]
F. 1D, €1\ conditi P. 11
”( d,e ) (dfa)r(dfb)r(dfc)r(efa)F(efb)r(efc)( 2
rar(=42) ail-a 1y __T(T(5)
2k c 5= (=$2) ( a+1)

a, b l -~
)*r%l)r(%)
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Transformations & Contiguous Relations

o
a,3+1,b,c,d,e,f ]
7&( ;a—b+La—c+La—d+La—e+La—f+1’g
Ma—d+DlMa—e+DN(a—F+1)(a—d—e—f+1)
TTa+)(a—e—f+1)(a—d—e+1)i(a—d—f+1)

= a—b—c+1,d,e,f
473\ a—b+l,a—c+l,dte+f—a

b,d 1,b+1,d+1
Q Let F = 3F2< & 7’ ;x) and F; = 3F2< a+c7+1—j—ei|-1+ ;x)

o (a — e)bed B

F(a—e—)—F = (e—l)eng +(a—)
B (e —a)bcd
Fla+,e+)—F = FCES; Fi(e+)
v p_ (e—f+T1)abcd

Fle+,f-) F_—e(e—l—l)fg Fi(e+)
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Related special functions

© The Jacobi polynomial of degree n is defined by

P,(’a,ﬂ)(x) ::w F1< _n’n_(;i_;ﬂ_Fl ;1;X>
n

Contiguous relations of F; (2.5.15) yields the three-term recurrence of
P (x).
@ Wilson polynomial
_ (a+b)n(a+c)n(a+d)a

Wh(x; a, b, c,d) = pre aF3 (

_n,n+a+b+c+d—1,a+i\/§,a—i\/§_1>
a+bat+c,a+d '

or alternatively
Pn(xz) =a" Wn(X2? a,b,c,d).
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Dilogarithms §2.6 Lix(x) :=

. B “log(l—1t) . [* 1,1 B 1,1,1
L12(X)—*/O fdt—/o 2F1< 2 ,t) th3F2( 2’2 ,X)

Lio(x) + Lip (25 ) = 4= Lip(x) + Lip (—x) = 126
n—1
Lip(x) + Lip (1 — x) = %2 — log x log(1 — x) ZLig(wkx) = LLip(x™),if w" = 1.
k=0

12 2
; Liz(\/g_1> 271%— [Iog(‘/gz_l)
i

Liz(O) =0, Liz(l) = %, Liz(—l) = -7 Li (%) _ > _ log?2
2
] :
2 2 2 2
i (55) =5+ 4 os (4] 1 (-55) = 5+ o (52

d_. Lig_1(x . 1,1,...,1
o = le():>Lls(X):Xs+1Fs( 2 9 ;t>
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AGM §3.2 (Arithmetic-Geometric Mean)

Definition

Define two sequence (an), o and (bs)o-, as follows. Let ag = a and by = b, such
that a > b > 0. Recursively, define

ani1 = dan '; bn and b"+1 _ anbn
Th
e lim a, = I|m b, =: M(a, b)
n— 00

is called the arithmetic-geometric mean of a and b.

Definition

|

The complete elliptic integral of the first kind is defined by, for 0 < k < 1

K::K(k):/ dt :/2L
o (1—12)(1—k2t2) 0 V1-—k2sin’6
The second kind: E(k \/1—k25|n 0do.

K' = K(k’), E'=EK) kK =+v1-k?

Hypergeometric Functions
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Elliptic Integrals

= 11
K:/ZLZEZH(E?E;[Q) /
0 V1-—k2sin20 2 1 M(a b) a2 cos? 0 + b2 sin?

Y R
T Jo \/cos?6 + k2sin’ 0

EW+EW—KW:g
M2(1/2.1
(vV2.1) c2=a%— b2 withag=1,by =

1
_I_ZiiOZHCE’ ! V2

Definition

A Ramanujan's modular equation

where L = K(¢) and L' = K(¢), for ¢/ =v/1 — ¢2.
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W-Z Method

https://www.math.upenn.edu/~wilf/AeqB.html https://risc.jku.at/sw/fastzeil /
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Hypergeometric series

Definition

© A geometric series >, o tx is one in which the ratio of every two consecutive
terms is constant. tx = cx* for some constants x and ¢ = to.

@ A hypergeometric series is one in which tg = 1 and the ration of two
consecutive terms is a rational function of the summation index k.

Problem

Find f(n) := Zf:A F(n, k), where F(n, k) is is a hypergeometric term in both
arguments. Namely, both F(n+1,k)/F(n, k) and F(n,k + 1)/F(n, k) are
rational functions in n and k.

The idea is to find another function G(n, k) such that
F(n+1,k) — F(n,k) = G(n, k+ 1) — G(n, k).

This shows that f(n) = G(n, B + 1) — G(n, A).
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Example (3.11.7)

2 atl n,—n b—a),
e S e
" (3), (28), (b+n) (=nk _ (b-a),
kZ:o (g)k bl )(a+1)kk| B (b)n




