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Def ﬂfte Che (YS}W ?ol(lIMmza ) of the fWSt andl. setond évmis o{mzed
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5.2 Recurrence
Let RX) denste o nomﬁema sifnél junaﬁon with  an vnﬁni'te
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\?1}1471‘-!} mu(ﬁrlg, {z.a)b bg PIJX) anﬁl infegmte)we 5@:

by f =0 =0 > by=p

a émr
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, | n-
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Remavk. The tonvervse of Them 2.2 still holds (7.2, If A LY Uence

of F,,%ywmm(s sutisty ‘a 3-term vecuyyente Yelation s described then
-theg e orthoaonal  with yespect 0 i posiTive measure ) This iS
usuaﬁg called Favor’s theorem ( thouéalh it ois wsed b}} Stielties
s themg of omtined  fractions many 36@% before Favanly
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An MFM%‘LC WS@%M%{:Q of the Tecumence velution w Thm 2.2 i the

Chyis “tof jeﬂ —~ Doy boux j‘WW[ﬂ :
Thm 2.4 (Chnsioﬁe{ Dar boux jmrmu(,a) Supfose that the P,(x) are
mmaﬂzzeaé S0 that /1 j P> (%) 0( 2K = 1 waen
7

(el kn:f""lf’nm) i meg; ) P (X) = lf:.ﬂ Pni—f(K)Pn[y)xﬁ ;m(g)an
Proof (se Thm 2.2 ,we obtitm -
Pald) Pre (00 = (P XHBr)Pal0 P éﬂ Cotpunt 00 PalY)
o P b P ()= LAnngBn‘sPntgxan CrPaet ()P0 X)
subdract anol oiwide bg An <Y ) ) we ge‘t:
| PR 00 =P DO B PR+ L Pl ) BB

Aa “g 4 (2.9)
oWy FD%MMIK(S ave hDYma(’/iZ_ed )

(2.4

( Notice we used Cﬂzjﬁ»' s

Now sum (2.5) over W (veném),we get (2.%) 7
Remark : Ij N e wob normalized | then we have

L__&fﬁ“, o P00 PalY) = Py (3 Pa(X)
" o S, |

ﬁnJ if ve wiite RHS of (%z 4) as
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Iln«n x-
et x-yowe get the torfluent fm'm of (2.4).

Thm-2.5 1,f ha= 1, then
L.PhU() f Py (OB (X) = Pnﬂ{x)i?’(x))
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[he three-term "ecurtente yelation for Jacobi Fatc-xfmmatg_

Lomsidey Iynowmials __n 48)
FD& Pn{X)__ (o’«H){'h} PYL) [X)"lel (—-n)n‘?‘d\'ﬁ'ig‘f'l ..i:i)
At /2

7‘ij nzo, Wyite the Yecuyyence ‘m[aﬁom as
(1= P (€)= P Pt (0 T Bupa )+ CaPry (XD, n20, where P(X1=,

Ecémfe the wefftc%ems oj U..x)wﬂ to obtam An

Take X<l ,we gev 0= Ap By +Cn

Avd the L norm of Jacoby FD%YW?”‘ng dre. g bej’ore,
Ao 15 jow\o{) also By~ Antin).

S 0 Cn; -
Note that we i\m:e also mfed the mho&na&% of Jacoby

Fo%mm%a[s %L Fovards  Theorem.
53 Gass Quodhature
Suppose X, Xp ¥ 1S & et of N nwmbers e an Mcveasifng
S'ecbbwm@. amol Y Yy Yn 15 an mbitmrg N7 nimbers
Def_ The Lagm@e minOéaﬁen Fol}j!m:mial T {?ogmmja[ of Jggyee
n-| ther hes the value ¥, atpx:,, for - i=l,n. This polynomial
gty Lo ?XP’@(X-—@) (31)
where  PuO= (X=%)-+ (X-%n) . We write
ol POR) o _
Ly (¥)= P for jep] (32) Ttis deow that [(%):5,
Thaes ij ) s a ContInUoUS )“unf.-tion whose values ﬁm dre lznnmé
ar the powtS ¥i, 1] moan wlervg [ Layb], then
L )= 2 (0070 (3.3)

15 @ Foﬂg{mmia{ of D{%YQQJ;;}1~{ which {fvife}'f?v[ﬂtes the ﬁmcﬁow
j in [a}b] - Fm’mu(c{ (3.3) ton be ayp[ied o aFFmﬁ-'mafe
%niegm{im.
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0 b J;P T J-

where LJ;:jLJ{X)doL(x\G‘j)Noﬁce that ‘if ﬂx) 18 d ‘,Daézfnomm[ of

73
a%we en-ly Lnx)=F1%).
ﬂ»ere are“n,ambe‘r chs 10 meaire how  well ‘Hhe fzuacfratarg

methoa{ aﬂvmv(mates the mie ral .
The wost DEVWS wey 1s to See how e the a(iffwem 15.
Anothey way that is @&g fmitfwlz Re quire that the %Mmmre

method 1o be exact for as (ﬁzge a cluss q” fwmﬁ'ms as Posséb[e.

Foy L e’s ‘m‘teyi)o(a'ﬁitm)wken Xp e (cfizvefn w'maa(vm(e) two

]‘mctirms ave ilentical when j 15 a Folijmwnia[ cf oéé(rgee ot st n-l.
.Howefve/r} v we olr; wet  veyuive the pomts Xg to ixed , there is
Qa Fogezb%itg of increasing he deﬁree ofthe gv%mvniai b& one for ech
Y )w%id\ s allowed o wyg.l’ﬂ this (ase, the wmaxymum o%ree
can be moreased o 2ol

Thic woms to be havd | for we seek the Soluction 7’1&1@

b
n - : \
S = [ wdad, J=0L 1

=|
The Solutim s Contaned w the  Gauss %uaoimwre for mule

Befare Statimg 1t we i/n‘hoo{uce Some  notation.

5&{ St

J
Suppose TR0 15 & Sequence 3f m:h?om[ Fo%mmia[s }associafw(

with olistr bution AU{CX) oamd mtevva( Lab )ﬂten we clenote the 2eros

of Palt) by Xy = Xpn=Kn , j€in]. We shall prove luter that these
Zens ore all s FZ" wd lie m the terva Ugb].

Thm 3.2 (Gauss (iuao(‘mw?’e jmmm&l): There are  positive umbers
Niy ) Iy such that jmf eA/e-vg foé ponial f{x) of 0{951@6 0t

most z_nwl]we hwve



jf/*)d&{x)zz_ 1704 (3.7)
a )7
where XJ )jéﬁﬂ] are o[efmeo( abwej ondl A+ Ain* )Qn.

Proof Let f» be an fw[gmn-rm{ j@rg u%vee ) {0} be w Sepene
pf Grth@guww[ Pa%m‘w[s )‘H\en
fL0: PO RIR) - for Some O R aindl dgﬁém

we zews of Palt) TLXJ-);R(XJ))VJ‘&{“] ) ond

b b .
ff[x)a(o&(x):ff’n Q) dAR) +2_ W TIE) (3.8
Q oL b )7l

N

b
o ‘ g}
Now (37) 18 exact 1f j f{x)dokb'i):.Z_ljﬂxj)é?fnmﬂztﬁ)ddlxm
0 )7 A (3.9)

Symee  (39) 15 Dwme for ofeg QU< -] = (3.7 1S exact ij’
Ol%f[x) eom-|. Now we chow the Fosifivi’% af Ay
Note that ('02"[0 15 A Fogmia[ Uf d’fgm? IN-2 VV/\izi}w
vamishes at Xp fov hefn]. S (;-ly =P ORN),

where 61% R £n-2. Tbhus b
j (Lj’(d)o(olm —“-’lf Pl Q od«0=p
L4 @
Andl 2’\‘): l gfx)c[of{x):f [;[X)doi(X)P 0. 7

If f1x) s not Fg[gmml of cfegfee Lan-1, Then (37)
16 et emct)but we can still use RHS a5 an ai;;mxmafw,%e
the evvoy imvolved 1 veut '}mrwmw.\/\/e dont talh  about his

m o[epﬂr but meve[g, 8‘we the fol,[awwg yesulf: |
Thm 33 I3 f (9 1S continkous on o fmite mterval foh),



then N b
L S~ AnX5n) = | f1x)0det0)

n->o0 j;} A
Remark: T Th3.2) (buuss quodratare formula) , special distn butions
3‘we us SFecmis (SRS .
dot(x) =dx = Palx) we Legwﬁre Foégmmals (cfmn J;%

oy (O A n
Py (%)= P2 (%)= oy ﬂa_;;“._.xl) , wtena =117,

X t \
d alx)= i > a0 ae Talx), wn this (ase, it can b
SMW” 'blmt A=Ay :2,;{ amf ' A S
: / flx)*d__é Iﬁzﬂf(%%@ |
JI-2 )7

: -1
when § 15 @ Folgmwiai of dﬁr@é <one] f convere of this yesult 18

also tvue .

55}‘ 7 ex0s Df OY‘HL?GYEG{[ ?D%M‘miaés
We have seen thut the Chelgfshev Fo{gmma{s Ta(x) have N

Gomple vovts A L) ], ore ewerally ove (an prove the same
abowt Jacobt Pob woriiale . The next theoem shows that a smiliay
vesult 16 twe for all evt}waamf, Fo%mwmés :

T}WI ZHISUPPOSQ ‘F}W {[’n(K)} 15 U Secéuence of MAUC?OT!HZ
PDL nmomials  with vespect o the clistvibution  dot(x) " on the -

[a,b] . Then P(X) has n si/mﬂe zens m [ab]
Pmsf: Suppose f (%) has  m distmet  2e10S XXy ) Xm W

[o,b] #hat are oj odd ooler . In that case
_ )
Q0= Py (¥) (X)X e) - (X Xm)70, VXEL) P

n by orth it
I_f men, then éhm' v&o*na&& f@EX}O{d‘W: 0 (4
However , (41 2 [Qexol20¥) >0. (omtrackiction. |
Thus w=n and  “all zeros are 5‘mpfe. 7



Thm 4.2, The zews of Pubd ard P (X)  separate exch other

Pyt By Covoller of Thm 2.5,
I 4 Progy (X) P %) =FnlX) Py (X) <0

Snce X,Z)M 15 o 2erD of Pm;{x)}wege‘t

P (xk)“‘“ ) Pn)—u (Xgp ) >0
The svp {m;tg Of the zexes "Wﬂfiies that Py Gyt ) and

Pt (Ketin ) have oliffmnt s'gns, I ]"DMOWS that  PulXenn) and

P OXert it have ditferent siﬁns.
’ : ¥
B{l} (;owﬁmi‘tg o]‘ P )we know 17 has a zero betweey

Xk vt GWW( 'Kk.ﬂ)y;ﬂ TUY /2‘:]/,2/~~/ﬂ} am}( oLy Y@S&Lit fOL&?W_S @
)

We (on obtwm Gan extension of Thm %.2 5(1{, Gaus$ Céuao(’mmre

7@*{}%&{(6{.
Thm 3 let men. Between any tro zeros o Pm(x) there 15

2EY0 of P, (%)
] bet Xam anel
Pm]"; S“‘FPOSE t%ere 1S ho ZeYo of Pu( x)Pm [X)ween b

Xkﬂ}m .Cﬁﬂﬁﬂ{?}’ “{7;‘3 PD%}VWWM[ g,[f): (;:ka) (X’thﬂ}m)
Tt 15 clear thet g0 Pnl) 20 for X ¢ OXkm ) Xty ).
By Gauss waolrature Formula
y G g ]

\[3 (%) P (¥) (}Zol()() ﬂﬁj&(%ﬂ Pm (X'n) ,
J-
8}% wtho&omlg% | HS = 0.
Ov the other hang()g[)bn) mexjﬂ) 20 Cannet nish |
For all jéﬁﬂ) ool Ly >0 V\f}}sa RHS?D,CDMW{MW. %
We conclude this port with stating (without /?wv)‘) the
Maﬂm\/%ﬁe%es ifnecéuaﬂities fm/ the sums i?\/k}wkere J\én'onée .'

\ b= .
' e4 Xy - 0{ hote ‘H’Li’ 2enos Xy m  ynlreasm
c&gam we (4 3, J&iﬂ] e wt Vf P LX) e g



The &4 - The  Morkov-Stielties wequalities
| BENE % J
2 s [ deaty €2 Ay bld for ep

$.§ Com nueol  Fractions
[y (onnected

Continued  Fractions of « certuin type 418 6505851;
with ﬁyflrwﬂami Folcu{woma[s bt here we shall W@re% touch on this
P TR
Suﬂ?oge faniﬁ omd fbﬂjo e Segzames C)f wmlbfex yumbers . One
wetutim for an W mite continged fyaﬁﬁm 3$ .

Ay 4 4 . -
bot T+ bt Bt (£.1)

We shall denste. the nth mvewgaw Uf this comtinved Fraction
bot £
!

C b = He _obobta A
bg R Co=by = Bo , G B ]b;f:' Ef)
4 «a abz bbb'fab b
:b‘f""““""‘}“: +---’--—-—-—-—- — Jo172 zo‘fa}ﬁh‘ﬁ_g-
CZ ’ bl% bZ. ’ bpbl‘faz blblfaz T 82 ,

Dej’; We Sc&g that the continued j‘vacﬁon (S-1) converges,
%T ot wost q fwite number of Cn e undletmed an
Y@& Cn exists ( (o s una[efsm{ dbove if B,=hbtt,=0 )
The S i (e E%M ard {gﬁ p(efi/nec( above Sm‘iﬁ’]“g a three-torm
Yelltyyenle velution . "
Lemma §.2: For nzl, Ap=btntin e, A=l (52)
ond B, =b, B.- i’é?ngm} B,=0 (5.3)
This can be shown bg, induc tion. lso, f?éf o method smiliar to

Hhe !am?f o'lf’ Chviﬁt{)ﬁel— Day boux jovmuia) one (ah obtaim f)ve
7ounw1n8 ve sult -



LBYHFW& 5.3 ‘ﬁﬂBn»E”BW“&H: (”!)W}a!aa“'a”) nzl.

Recall: The 3-term  Yecurrence velation Uj’ orf:!wgom( Pvgmwiq[g
| Pregy (X) = (AaXTBA) (99 =Con Py ()
Lompare it wi l}nﬁbn&n%*&nﬁn—z/ which Suﬁge&ts ws
study the Lontinued  Froction of the form |
A G L
AXtB— ARtB) A xtB
In this s, the nth  tonveygent 15 @ Yotwonal function whos
devorinator s PolX), and  we denote the viumeyador bg; P (X)
The Seqan (@ { P 0] tigfy the Same ye (uysion )me[(w]t
p¥ 1= (A +Bn) P 0 = Cn P w0, nal (55)
with Jiﬁe/rm; yitials Pj(x):g) PE0= A,
Suﬁmga that the sequence {Pn[x‘)j 1s cwkoﬁ
to the disvibition dott) on fah].
The vext Theorem velotes prx) o PalX).
Thm 54 With P (%) aﬂfi P00 as a&’fimeo{ above , we have

P, (1)
P (1)=& P‘W;i‘“ dact) ,n70, (5.6)
(28

(5-4)

om( with espect

where & s a tmstant,
Next vesult is an aFFLicaﬁow of the Gauss (ﬁz,wlmmre formula,

Re cal( Xk}h&ﬁﬂ we  Zevos uf P (%),
Theoyem &.5: f/{s‘mg the hetation pj’ Thw 3.2 camel Thm 3. 3 we

* no
hane R _ 55 5 (57,

Pn (7() h-""l X‘—Xk
where & ig the  lnstant  m (5:6).




. T P (%) ‘ ; .
Pmof. Expregseo( m as o partial  fraction ) we get [ Using

' * P¥(x) & PalX) |
et polition) o (oleq p*i0)2deq puio
” P 0) B Palik) X)) d ) g
b
By Thm 54 we get ¥
& Y Rw ‘:5[“"“‘% Joct) = 51
P\(ﬁ [Xp) I Xk) (T-XR) (6.2)

The [ust step follows From the  Guauss %m(mme fonila .
wite 3 L. F x¢1a,b)
Thm e b - let [a}b] be Ca) f Teb ;ﬂfeﬂm oy amg L,
N L oHt)

n>x Po ¥ -1
- \xéfab) };{{Z-E“'ls u czmﬁ;:uwus Tuvléﬁon of'[ 3w [ab]
(/lse Thm &5 and lhm 3.3 g,we wug the vesul(t.
b, W0 ,s0  (83)>Zems of P and P cltornate.

Remay
et xeC, X¢Inbl. I_j' we dendte RHS

- Ao, In Thm S5,
!73_ F ), the wverson 7ormu(a Oj; S‘Fii([fj% (A8 3:‘”9” @
2 (¢) =ald) = =7 Y| Tmf Fluriv) el

Which  yneans if e hnow F) we Cci;/h Yelovey “he 0!?!/3'5)’1'/511253:0}1‘

Eb Kemel Pvééfmmais

We have seen fre pavtial sum- of “the Fourier series of u
funttion when efoeSSeo( as an imt?m{ gave us the Cheb&séev

pelynawials of the thivd kind |
e generally ,we g€t the kemel polynomials when we

Sﬂb&% Fa/rfia[ sums %anoév%ﬂét Wﬁ}wgam{ fa?mmm(s_



let $PA0T be @ sequence of Fe(gmmiaiﬁ o‘r’ch{ganal with vespect to
the distributin dotct) on an tenal [a,b], Heore —e0<a<hecoo, [et f
be a functwn such that ﬁi)[?n(t)do&lt} existys for all n

The series mresfmdmg to the Fowrier <eries 1S 3,%#@” Isg
(oo (X) + Py X1 +ln fal -, Whore (6.1)
Ly, = f ﬂf)z?nf-r)g(a(t)

(A

(62)

fb (pn(t))%(oz (+)

(73
In %is Section we QSsume Hm the denomﬁnam’ of’ an 15 1
1.6, the 5@%&!%{8 {Pal¥] 1S or thonormal

The nih fmficz[ Sum bSn (x) 1s$ ﬂW&n bgb

_ S p(x)f WA = [ 0K 0 dette)
Sn09= 2 B af : lf )

where  Kn(1)X)= éﬁ"_ PO BLO (64).

= ,
Def . For a0 Sequonce of orthoner mal Fo(gnomialg £p00], the
Sequenie $ Kn (Xs, %) , where kn(xﬁ’;x)'—fgg&%)&(x) 5 i called +he
heme( Fvghmiaf Sequence.
Lemmq 6,1:If ( (%) iES a Fa@}wmia{ af &%TQQS H,‘fileﬂ
OCX):Ikn(tJX)Q{‘t)del(t)_

?YVDT: aan{/gl, QLK):%ahFh(x) jm’ Some Uy,
/V\ulﬁplg boﬁh si,des bgb%(x) aﬂo( dmfejmte}we gei

j Quiptda = G
{,omFafre with (6.3))45319&79%[1 foLvas. _




Thn 63 Supse Xt are both finite. The seguence {Kultox)? is
Miz%m( with vespect o the distribution  (4-%0)dox(3).,
Proof : In Lewmma 6.2, (61 QL= (1-%0) Ry (1), where Gna(t) is an
mbiﬂa% Fo!gmmia{ with yee n-|. )
Nete that o smilior Yesult cun be obtamed for bXo twe fimite.
Remark: In the s of (}Aeb(lfsbev Fv@mmia!,s Th (9 with Xo=0=-],
we see for %= W50,
Kn (—-b%@)iz‘i (O 08 29— - +(= 1) Ls NP = H)“‘%;g
The Folgmmiafs W (X M e ‘bhé Chebgs}vet/ f?ﬁgmmafs
| T sl
fanrth kind - and e can il the distribution via
!

Jan*)WmU)Hi'; Ax =0, nEM

D}“ the
Thm 6.3

-1
ﬂle Christoffe{mDazéeax fwmu[a [Tﬁm 'Z.Q)ﬁ*y»fes a wrnimct

expression for the kernel Fo[(ljmmials: |
B Bogy (0P (o) = Py (9P (%)

knfxz?/, X)= T V= (6.8)
If we Chovse Yo be XkC:szn)}’chen

be  Pon(Xp )R (X)
kn(xk))ﬂ): —*E;;E- M_Li_é_)i_u» (éé)

This expression fon kn s:xggests a  Connectin  with the  Gauss
iuaoémfure fwma(a. In fcm") we have the theorem which alfows
ws w Fmd ahl L

Thm b.4 - The numbers Ak, (or 1[2}1) G&Wh’g im the &cuggg
%uaoérature fm’m(q aye g%ﬁen b}



__ Bw ! .

‘{’;le*f}f Yeit cal 15 __f__ _ X, X :._Z‘-. (%) > (63)
e i KalXe Xp) ,%;)(Ptz )

P )’E‘Uf: The expression for Ak m Gauss’s fwmu(a QIS
b
[ P dsitd)
M= |
) PolXe) (1Y)

B% bt ond Lemma 6.2,

b
| A p— j ! ALY
A== B BP0 n V1) o)

o ke " This concludes (6
WA This concludes (67)

To powe (68), et X>Xk A (66),
K Oy )= = £ P OB 7
. | n]
The kemel foi(lfhomia(g also have o« maximum /mFertéf) but we
shall on%; state 3t here .

Thm 6.5 - Leftb ¥, R omd Quw) be a FO%VWW’MZ with o[e)(c/ypp%
oo teal 2¢0 b% J(&(‘U)lcgol(‘f):I Then the woxvmum ’vaéueaf

/

. . Kn{XD X) . 0{ }z
( R (Xe) 235 gwen b the Pt‘?l VWWG[ Q)= £ — anol the
) 5 %1 g ' \}.Kn[){tp o) /

M AR UMY m i,t%{f' 15 K (P(v}xv).
$.] Parseval’s Formula

let L, (o) denate ﬂf class of functions i such that

f {flpdol(x)z: 0.

7 o@e ‘
As aéwagsj we fssume moments of GL{L orders %157 .




T thig eltion ,we  are wiowsted m the Space [_c,z(‘a b) . Bclg, the
Cauchg Schwartz 'meziaa&tg, we er?’ that j FOOX daé(X} exi$ts fﬁY

nzo.

Thm 7 Suppoge fellwh) Les a bea Folgn«omia[ of

d%me n Such Thay R(X) = iakph{x),
b=o
wheye {Pp(?()j 15 -f})g Wﬂ’LDWMQC g@@uw of Fogxwmais fmf

The wtegra
tyrat j [0~ Q)" detiy (7D

be comes vn’:,mmum when
atl ff(x)pk[x)da(x) (1.2)

/Vlmeom) with 0y aboe  we ha,ve
2__.042 J[ym]?—doux) (7.3).
Provp: Let Ck j ﬂx)Fg[x)dd(x) B}} orthonor mal wg f anj we
e O<J[jlx}-&tx‘ﬂ do(0) = j [ 19 f_aépk(x)] o)

b
= j[j(X)jldoL(X) -2 25 O Cr +Z /iy ﬁﬂ 1] elott) -2"';. Cx
A =0

4-:7_,.(%»6@) The [aSt evaesswn ossumes  1ts Least

viﬁxe when p=Cp . This Fm'es both chis «f owr thevvem. |

(oyo (Besseb{g mf{iua&’%}t) Foy fé Lo{(ja)b) anel Up QS aﬁaye} _:
we have 2_ 2 gf[ﬁxﬂlo{oifx) )

n=o 78
Provt : The g puence oj’ Fa/rtia[ Sums Sﬂ...g__aé is intreasmg  and
bowndledd . 7



We now SeeR the Situation where e%wxiitg holals .
Assume that La,b] 15 af‘mte mtevval .
Llemma 7.3 For T elswb) and o Cc]mn ¢>0, then there exists
o conthuous )‘uncﬂm 5, such that
b

f [ 194 o] detnze
*

Thm 7.4 . Llet Lab) be @ jrirni'te intenval . With the wotation
of Theorem §.7. 1), we hase Pocrse val/s fm’wu{a:

o0 b
S 0f = | To] de) (15)
2 =g

Proof - Suppose g 46 as m [emma 7.3,
B Weierstuss’s aPFyoximaﬁ,on thesrem for & %wen £ 20

theve exists Fo%m:nia[ Rp(x) st
| j[gt@-—czncﬁ]lolo&w)éﬁ
s

_ b ' '
— j[j{x)-f&n[x)jzdoi(x)<4i (7.6
By Thm 7. W% mQ ghwse LE j:_akth with Up
3 ) g P_:o
3@\/% m (1.2) 4s m the Fwof cj Thm 7. } we(c?et ]‘mm)
b

vhat j [jlx)]lo(oltx) ’i__ <42 . Z
b=v
o
(ovo- Suppose je 1% (a,)b), where —o0< a<bge0 .If
b

Jflx)x“doktx) v for ol {wfgers nzo (27

Then =0 almost  everywhore. |
P‘f@"‘fi Vk} ahﬂo-ﬂﬁ *resuit ‘)‘vu/ows 7‘yom Parseval’s fomu[q, 7



Remark: Payseval's 7avmu(a and its Cm{iavgf are m ae-neml Fulse when
La,b] 1§ wol fim‘zfe,HoweUeY there anre wmportant exampleg where nfini e
sntervals oo worR . Foy emmf;fe ) Heymite FD(&}wmiaﬁs on (-%9P),
5.8 The woment -g%emﬁﬁg Function
Tn this section, we shall obtaim a continied fraction expansion of
+he momen‘b-&@hewt'mg Tumcﬁvﬂ > I}A;)(.“ s where

mz0

ﬂn:cijt“):ft“d@ttw (8.1).

&néicier 51@%{#\5 with wei(aihted amfg so that the %J% @l}}g 11
the weight o]" the avc (1))). We denste This matrix 5& A=AG)

let b(6x)= det (xT- &(e)  andk Wiy C%K):%’B(«%”@X”.
Wa (6,%) 1S the &enamm% Tmcﬁon For the sei 0’% all walks

m G from  verter 1 o Vertex . let W6, be the mutrix whog

entiles e WU Lé,} X) | Then
w6 R= 2 _AXT sime &a&ﬁj(&)zdﬁ&)z-

n’Zp

I{ 9“0 /S ‘thcd;
e We,x= X @60 ooy (XT-R)  (32)

| = W, (6X)=xT0 (6N, X ) o, x)  (3.3)
The  Connection oj’ the  above o[i&caj;/c% with /()Zrﬁjuéfro)na[ |
Po&gmmm{s 14 o}fmmeo( as fU%WS:
'SuPFDSe {Pn[x)j 16 an Mkﬁam[ Fo@mmia{ .SQZU%(Q with the

3-term Yecurrence yelation
P (X):[X-QH)PH(X)—-EPH {7‘)} hzl ( 3.%)

I+ 15 assumed that the Fu%amynia(g ave Woenc Let #
dewste the  matyix |




. b, - where the wows  and w&zmns are

l GE; Zi, 53 | molexed bg Wn%a‘tm im‘teéeers.

o4 HAn be the watrix obtined bg;% by taking

the ﬁfrgt W yows und  colwmns
Exfama( olet [xT~An) about the last yow,

et [XT-An) = 06 ) Pt 09~ By Bra (K= P90
Obseyve that the wmatrix A s the adjaéem% matyix of |
A lentan q'/vtf;mife weighted oﬂtgmf/) whose  vertues awe molexed Eg

Mnneaat-‘we {Meg@y- | |
| If we mlg take the fist R verties oj’ 6;@) dencte 'ﬁ!)‘}ﬁ
am)gub@mﬁ\ b& Gn , An 18 the a@{jacen% matyi Of G
We shall gwe a tonti nued  fraction  expanion for the
wmoment - 3evxemtiﬂ£ jmﬁﬁov} Z_L{)f“) X" W‘d,']n {on Vention /Aa'»“(f)i): l.

nz0

Lemma g[ sF:OT nzo, },Ln:(‘/’x"’):c‘&”)oo |

Prp. First note (AF), = (A 70 k€2, Jecauce o dised
walk gfayth«ét at O amd cif len(jfkélwrl (an welude o vertex
after the wth verfex  Thus (Pn(ﬁ))oaz (Pﬂ("én))oo We have sen
that o N7, P () 1S the  characteristic po{gmm‘m( of An.,

By Coyley ~Hamilem theorem , Puhe) =0, bence - (1)Ry)- (220,
'fﬂ’ woo . Vow X715 a Lineay  combinaction 7 F"in!") P . 2



Thm 3.2 With 2, and by, w (3.4,

! x2b X2h
03X = 7~ * 2
%5 ) - XUy~ I—Xa, - |- Xa,—-

P vouf et An}h be the watrvix obtained from. !g T@mov:ng
the first k yows and columms. Set

Q. ()= det(I-xhnp)
0 bserve O ()= det (T -H0)= X" et (T- K ) =X'0, 6
gl (P(Gv{o) X)= O{é’f[XI‘* An}: )= XMO{?’C[I“Xq‘gn)f):xhr!in-; ({?)
Bg (:3-3)} we imclude X! Woo ﬁé!n) )(—‘) = w —x Gy (X

Pomx) ~ 4u0x)
(38

Expana( _OLET (Iﬂ(%n) about the -fivs—f nw,

q, ()= (1-Xt) s () =X b Gy (X)
|

: v (X)
= T e (88
7 %) |-%g, —Xh, 22 Fa
B% Lewma 3-] n o Gl
2,_(, T )ﬁ *Z_,_("& )ooxh Ww(@? X) = ne® Gn(x)
nzuv nzZo
&mbme this Wlih (3. 6) our vesult foaDWS 7

He/fmfe (g}w‘mm
The wormal mequl jg * Flaéfs on  mportint vole W
i"’”"i’“b"i‘% theory andl o gvens of mathe Bmatics .
This Wfﬁm has sevem( mfmstvkg, me/rms

anr examre 1t 18 essentwag 115 own Feme/r Tyansyor



< L i Ayt
. "’J‘?ife Gl (3.1

00
This %mfﬁmﬁ s uniform 65, ponvegern’ i any disk (x| <y and
‘Lj masze?a{ m 'fl’lﬂ‘i? Yeizﬂn bg_ the WWV(?@M {m‘kg'ml
= f A
the {n«fegvaﬁ can ke Tefeated% oliﬁe-r@ntiafed !jg X, we haw

e e T,
- e .t eZZXtd_b [(g 5
dx” I J )
The F‘@WWCS Wih%onal with wespect 0 the normal distribution
842 ave the Hermite Fo%}wrwiaés , TA% (an  be o[ef'ime‘o( % tho }‘mma[q

" XL N yX .
Hn(x): 1) X% (1%

Thas

The orfhc}gonalitg 18 gi/vew 5&

f U Oy 102 2" M S, (59

-

/Vlmreove/r ) *tZze Hey wite [;oiémmiafs /wwe Ve% nue 3%&%&«3
f“ﬁ&‘fm; 0

S H) g 2oyt

%?5 n! r'=€e (1.5)

Instead cf provmg vve properties for the tormite  plynonicl,
we put mere umbgr theovetie 7(@% mto the endl Gj i’/?is_ |

Secodin.




Woring ' lpwb!em for GXFenent bois o prove that the set ?9 gt
integers 15 4 basis of ponite orcky ,that s, o prove thut every
m}mgaﬁve 'ifmfeéer cm be written as the sum af o bounde

Y| umbey Eﬁf hih YDWWS. |
the 5ma£{egt number S such ft/’tai evey

the sum of 3 kth powers of  nonngptive

we all Pnow.

We olenote 6(% Cffdz)
mnn?(jafix\f@ 'im‘feﬁ\% 13
Antegons 3[2):%}06

Othey  Cuses of W@rifrg’s P}'oé{em can te deeéaaeo{ fym’n these
vesults by means of Fo%mvniax[ idemtities . We g some Such

examFles  Here ve g the witatio

éz}, ) Eh:i'.| :
(Laouville)
(Xf’ﬂ(%ﬁ@% Xq-z )1_: ——-‘—— Z_ (;XI,‘H\(‘) )(f-i— ...LZ‘ U(L_)S )‘f‘
b idiejet b 1€1)¢%

(F (eck)
—_ . ‘ 6 | — B |
e e B 5 T (R R 435 2 LRSI
[¥yhet [€i<)¢4 EE R
50 %(6)400_
(Hurwitz)
2,y & I ! 5 SN .
(K %) =g U %, 3% 1 %,)8 + v lg{)‘:—gdj—(ZXLi N %)%
| 5 % 4% Y —— 5 R )
Lo 2 W s 22 G so gmicon

B4 1k 840 149¢4
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SHFFDSQ that "
e, )k:% Qilhy Kyt by, Kot ﬁig X3 *éi@xé) (9.4)

(XFHXSPS
jUT Somg M;)) bi}j ez}alé@-{-
m’ry”s [}Wﬁz@m 1S True 7‘0‘1’ exfonefn-;

Huywitz  observed vhat if W
R ,then it 15 W mediate from (9.4) and Lagmn e's theoyem b

1 15 also tue For eﬁroh%‘b 2R,
HyLbert f‘mt Fvw@oé that dentities

1,(53’% Heymite Fdahvm‘w ) zdn 1
Here we shall use Hn(X):(ﬂi‘)ﬂeﬁﬁ(e'x ).

of the form (46) X8,

SW;?(f 20708,

| omma | The Hermite fogg“@mia(l; H, 00 has
Lemmo{ P Let (VA ) f(ﬁ) be @ Fv%‘rwmi@f( oj" 0%)’8@ ot most n-|
&0
T hen Je""lHn {X)f(x)a(ng.
-0

lemma 31 For M20)
> n!
! YN
cn:ﬁ;‘f e”‘zx"‘dﬁ{li%ﬁ 2In (9.1
o0 0 2fn
lemma L4+ for n;l) let, {2!}“-) B be n oistmet veal numbevg)
CoyCyye Gng G5 dlefined i Lemma 3 Then the system o (mear

@Lmﬁms Tk
Z_T@d %= C )la:: 0,1, (4.3)
J::

has  u unqle solution 0, P A7 ) is Feigwiéf[
0)‘ o[ég}f@e at wmost NI, then -

n { R )
%ﬂﬁ 5% :’f;;f &YX |
S50




Lemma §. let nzl, Biy)Pn R the n distmet veul 26705 of the Hermite

pv%mmtat Hy O{)) let P‘)"')P“ be o{?f‘meo{ s N [emmaq.ﬁet ﬁx) be

& { mmiﬁ[ 0 degree at Ywost n-|. Then
. e S flbe ==+ [ ¥ odx
e SO J f '
L@MMC{ é LQ't PE}“'/ Pﬂ b@ OlEf{’H@z C{LOYQJ then P‘i70/ Vlé}jﬁ]

3 Then there existd pafwwiS@ Jistimet yationa[ wumbers ?ﬁ,--; @:

and Fasiﬁve votioval numbers f?f ) /,Pf Such that
< k
> (BVPT =, 1 b=, 1l

)=
Lemmy 3.4, j’mf m(»fy set of n distingg yeal tumbers

Of n limear eimms

ok .
S By, fr kb
Q:

F)'oof: 33

BBy The YT

hﬁS o uni%ue SDLLLﬁ&'W (P:J“)fgn)..
let R be the open subset o R amsisting of all (Bi,+B,) with
Bﬁ@j)vifj And (et @;R,«a}ﬁ” be the j’&nétion‘thai Sends

By Br) (0, Ba) AiS Gntinams | smce by Gamer’s wule,
Thi,g Twnc‘tim
we (o express each PJ as o yetonal funcﬁ.oh of B, Bn.

Now sme R is an oper subset of R, @“(/R:) 5 an
open ne‘%hbowhow( Ef (8, Bo) m R, Smee the powmts with
vutioral  coovdivates are oense n R, 11 follows that
this veighbourhoook  Contaims & yational pom?

(8., Ba). Let (€, Pn)=BL8, B ER],




Ginie eack umber Y cun ke espesed as a vatiodlfucti
with Yoctional weﬁ’ic?ﬁ’nfs of yotional vmiabies) oY f;mf 16

Lompﬁefe .

[omma 3. let N7 , Co)
distinct Teézﬁ numbers and let P,

7

oy be 00 defwea( ™ Lemm 3, let
Pn be the solution

By, B 2 1 -
Of the [inear Sgsfem Cr;iwen W Lem:ma &4 Vvé?b m= } y
, Cyﬂ{?(ﬁ‘l’"' ‘f‘X‘r%)V Z——- L PJ, (ﬁ X;‘f’ '{‘? XT
J& Jf :
15 @ Fo%mm‘w{t wleﬂﬂfg;

Proof~ 5 Sop 0 (B at 6 Xy)

3 = )=l Jor
J Jf . (5 7() Bij)
i
= Z._ Z"‘ PJ} Jr%};{y-m /h
, )= J{ /uLz,D}Léﬁ"j
| | e
S T K (e) ﬁ:‘{(@ i)
s J =} (ot fEm
It '79‘ze£1{]

s

s SETE )
Mt ‘;/}u‘f‘m N Jf’} 1=l
M 7Y EE ] ; _ﬂi

Jhit—tpyzm V7 /uz-l 3=
—_ X C,a.’xiju?’
=ml 2l 25
}114’ %}(YA—M -Lz} /ub.
MiZ0

gg Lewma 3, (m=0 1f m 1§ odd . Tj“ m 15 oold
and /A;*""*/‘Ai’*— )1}1@ M 18 ool fmf Some, So:




il N

< 5 : m

24 pop (B xt B ) =0
J;r’? \}?:]

This pmf‘% ﬂﬂe lewma fmf

onlﬁ woeo o Cmsider  prrtttrns of m nto Gvr

W \ i ma 3.
Iﬂ&eﬁ?ﬂg ‘Ehe BXFWSSLW ‘}'5&’ [ W LEM
il n .
SRS AR NCAAS S
J,f'f JY:‘% : Y 2V
= ﬂ C%X

ZV,‘F"'+lVr$m izf (.ZU})!

odd m, For even m, WE
parts My=2V;

V.20, 160) V-
S oo
= i A
m. vt =E z Vb‘, (%)
V; 70,1600
v yx"3
= h_

! |
- Tw ‘Z’_,rﬁ ‘-z[-; v, !
2™ Vit
V370,107
;,"'f‘_)g

- 2

o
i} Z_" ! Uy

™y
250 e
F\}:LZUJ"L&EYJ

= O (X3 tXY)2 7

Thm | (Hilbert/s idem‘;i—ﬁ%);
\7‘2{2‘/1 VTZ{)ﬂ /V];',[)a.bé@f) bi,\) "
(K3 R Sy by Xt th ny)*

. )
1=1 4

FYO . Choosp *
! Dbi 00 n:')ja)\ {,2'(7 {;} ey P:c amo’{ P}*)__)P;f be ﬂve Ya‘l‘iffmz
m rS‘ CmStyilt m Lemma 7. We e ﬂle&e numbers  m

(P ()

7 o 1=],-, M ard b Y such that



lommg &: with m=2k 1o obtam:

n n 2&
TIVE S LIUE S M- L *

Cﬂl[}(3+ +Xy‘) *:)Zi; \f;’}‘%e @Y(%;xf+ %@X}J

Le‘b QL b @ Common demmnaioy @j" (g;“’").../%f"} then %[%% S an

integer 701 all 3, and e have
g3 2 b g £, 2k

XAt/ = > X g
L j;;’ j{“"{ Cz}g%Zk (CU%! it f%%fx)r)‘ @
Lemma 9. let RZI. If theve exists Pos:‘m,t/e yatioal numbeys Uy, 0m

SU(C% that 8V€YCL{ SUff‘lCienﬁli la:ge “i/‘f?f%f??’n can be wyitten n
M

the Form n= Z——aigi, where g:j”)é‘m (e noneﬁai“w@

Wﬁ‘r}ng}; | walem 15 trle jw ex Fonewt k. %

"W‘&"’ﬁ@ﬁ) '?he
st YnEN,nZN N (an be"re}pr?SGVrfed

FWDT‘. (/}WD% Yo

in such o o Let
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